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Abstract 

We propose a correspondence between the non-relativistic quantum Calogero model in d spatial 
66 
O : dimensions and classical gravity theory in a deformed ^dS.„ background for single particle and 

^ ■ AdSNd+2, for A^-particles. Later we extend our construction to the superspace for a super Calogero 
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I. INTRODUCTION 

Recently the AdS/CFT corrrespondence, originally proposed for supersymmetric con- 
formal field theory jj, y, |3|, has been established for the non-relativistic conformal field 
theory^, |5|, denoting as the AdS/NRCFT correspondence. This may cast new insights 
into earlier works on realization of Schrodinger group p, |7| in terms of isometry[8|, |9|, Il0| . 
The new feature in this correspodence is the explicit realization of conformality by some 
deformed AdS geometry in a holographic way. In addition to the AdS vacuum, some kind 
of pressureless matter seems necessary for generating the desired metric which respects the 
Schrodinger group. Nevertheless, it was pointed out by [ll|, [l2| that without this exotic 
matter, the correspondence is still well established up to the discrepancy in the definition of 
mass appearing in the Schrodinger equation. Moreover, the AdS/NRCFT correspondence 
can be easily applied to the system with a harmonic trap potential. This application is gur- 
ranteed to be successful mainly thanks to the unbroken SL{2, R) symmetry hidden inside 
the whole SO{d + 4,2) conformal group, such that one is free to redefine its Hamiltonian 
to include a harmonic potential term by deforming the metric component Qu accordingly. 
In this paper, we would like to make a full use of this SL{2, R) symmetry and propose a 
general holographic metric corresponding to a most general Hamiltonian found in the quan- 
tum Calogero model. Our proposed metric includes additional deformation of component 
Qtg and we have studied its role in the AdS/NRCFT correspondence. Later we explore the 
possibihty to extend our construction to the superspace corresponding to a super Calogero 
model. This paper is organized as follows: in the section II we briefly review the quantum 
Calogero model. In the section III we propose a deformed AdS^+s metric corresponding to 
single particle and AdSNd+3 for N particle states, with identical or different masses. We 
also extend our construction to the superspace in order to describe a super Calogero model. 
At last, we have some discussion and remarks in the section IV. 



II. THE CALOGERO MODEL 

One-dimensional A^-particle Calogero model was first studied by [13|, [ij] as one of those 
rare exactly solvable many-body quantum mechanical systems. In that model, a particle 
interacts with each other via a combination of an attractive harmonic force and a repulsive 



inverse square potential. Here we are interested in a general A^— particle Calogero model in 
arbitrary d+ 1 dimenions described by a Hamiltonian in the unit h= 1, following [l6| 

H = -- V — V,2 + Vixi, ...,xh) + '^y2 mxi^ + 7(V x^i + Vixl), (1) 

where we assume the potential is invariant under translation and a homogeneous function 
of order —2 such that 

[J2x^„V] = ~2V. (2) 

It is instructive to arrange the Hamiltonian in the following way, 



n = -T_+ uo^T+ + cTo, 
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T+ = t;^ ^i^^ 



To = -(5^xlV, + Vix;), (3) 

where the SL{2, R) conformal symmetry manifests via 

[T_,T+] = 2To, [ro,T±]=±T±. (4) 

The above Hamiltonian can be viewed as a deformation of A^ harmonic oscillators in d spatial 
dimensions. In generic, the common frequency u could be different for different species of 
particles. Solutions to the above Hamiltonian are irrelevant to our concern in this paper so 
we will skip those details which can be found in [iq. We would like to emphasize that these 
generators {Tq,T±} can be casted into sum of the center-of-mass (CM) and relative parts, 
while the same separation is also true for the energy. Later we will find out that exactly the 
same separation appears while we establish the correspondence. 

III. HOLOGRAPHIC REALIZATION OF CALOGERO MODEL 

In this section, we would like to construct a gravitional model holographically dual to 
the non-relativistic Calogero model mentioned in the previous section. We will begin with 
one-particle state and end with A^-particle of different species. Later we will try to extend 
this construction to the superspace and propose a candidate which corresponds to a non- 
relativistic super Calogero model. 



A. Single particle state 

We start with one particle with mass m for simphcity. In order to embed a non-relatvistic 
model into a relativistic gravity, one option is to work with additional two dimensions 
spanned by a holographic direction r and a compactified null direction C,\^- We propose a 
general ansatz for the metric: 

ds^ = -2^A{r,x)dt^ + ■^{-2dtdi + dx") + ■^{-2dtdx ■ B{r,x)) + ^dr"", (5) 

where R used to be the curvature radius of pure AdSd+z space but now is simply taken as a 
dimensional constant to make g^i, dimensionless. Notice that we have asked our metric and 
functions A, B to respect symmetry of the Schrodinger group, that is 

(t,f,e,r)^(A\Af,e,A-V). (6) 

For our purpose here, we will restrict functions A, B to take the form: 

-Y + «-2(-)' A + ao + a,{-f\x\\ B{r, x) = b,{- 



where dimensionality of all coefficients is chosen such that whole functions are invariant 
under A rescaling. Now we turn to the study of the correspondence. In particular, we 
consider an operator 0{t,x) dual to a massive scalar field (j){r,^,t,x) with mass mo- The 
minimal coupled action reads, 

S = - f rf'^+^xv^(^^^9^0*<9^$ + m2$*$) (8) 

We will further impose the condition —id^ = M for a compactified ^ direction of size 1/M, 
and request the scalar field to take the stationary form: 

$(r, e, r, x) = e*^*+**^«A(r)^(f). (9) 

Then the equation of motion for $ can be casted into two parts: the part which only depends 
on X reads 



2M f 2 2 



V^^ + M— 1^ + — a;2|-|2^^^^^-.y^^g^^^ uj^^2a2 + bl (10) 



\l/(x) is ready to be solved once one recognizes that this is the very one-particle Calogero 
model mentioned in the previous secion, where c = i2bi and ex is the Hamltonian up to a 
constant d/i. 



The part which only depends on r reads, 






e^ = E - ^c/61 - e^, m^ = m^ + 2aoM^ (11) 

where we have made a coordinate transformation z = R'^/r. A special case 7 = 61 = was 



studied in the 



4]. In generic, A(r) takes a linear combination of confluent hypergeometric 
and generalized Lagruerre function: 

A{z) = 2^e^^'^'\i+^+''{c_U{n, 1 + z/, -M^iz^) + c+L''_^{-M-iz^)], 

n = i^ + ^^, u = Jm^ + (^-^y. (12) 

2 4M7' V ^ 2 ^ ^ ' 

Note that for asymptotic boundary 2-^0, A(z) ~ c_z^" +c+z^+, where A-t = ^^ ±z/. As 
in usual AdS/CFT correspondence, one considers an operator O dual to this massive scalar 
field $. For the choice of z/ < 1, only the first term is renormalizable threrfore the second 
term acts like a source. The correlation function then reads 

< 00 >~ |e^|2^ (13) 

where the scaling dimension of O is ^^ + u. However, for 1 > z/ > 0, both solutions 
are renormalizable and one is free to choose either one as the source and the other as the 
condensate. 

If we are careful enough to tune the parameter 7 = tu, one is tempted to identify z as 
the internal hyperradius and tz{ex) as the internal energy (the CM energy). It has been 
known that the total Hamiltonian E in this conformal system can be nicely separated into 
the CM part e^ and internal part ez[l8|. We have, in addition, another contribution —cd/A 
due to dilation operator Tq. In summary, our proposed metric ([5]) and ([7]) successfully 
reproduce equations for both CM and internal motions for the one-particle Calogero model. 
Interpretating z as the hyperradius results to z"^ = |xp. We immdiately learn that low(high) 
energy scale z corresponds to small (large) fluctuation 6x is the very spirit of holography. 



B. A^-particle state 

In this section, we consider a Calogero model of A^ identical particles. The proposed 
metric in Nd + 3 dimensions reads, 

4 2 ^ 

ds"" = -2^A{r, Xi)dt^ + ■^{-2dtdi + ^ dxi^) 



^4 V ' '^ i?2' 

3 ^ 

-{-2'^dtdxi-Bi{.,^.,,, , ^2 



+ — (-2 2J dtdxi ■ Bi{r, Xi)) + -^dr'^, 



(14) 



and 



N 

A{r, X.) = j\^r + i-r E ^^ + «o + «2(-)^(E i^"'^i')' 

Bi{r,Xi) = hi{—)Xi. (15) 

r 

Here aTj has the interpretation of position of the ith particle and the hyperradius z = R^ /r = 

^j Xi\^/N. We again impose the condition —id^ = NM for compactified ^ direction. 

Following a similar procedure for single particle, one can easily reproduce the Calogero model 

of A^ identical particles with energy reltation NE = Nex + Nez + ^Ndbi. 



C. particles w^ith different masses 

The A^-particle state can be further generalized to the case of particles with different 
masses. This is done by observing that all m^'s can be absorbed by redefinition of Xi^. 
Indeed, this can be realized by imposing —id^ = 1 (compactified circle of unit mass) and 

Bi{r,Xi) = bi{—)miXi, (16) 

where we have allowed more paramters d^2 ^^'^ ^« ^^ particles of different masses. We then 
have to redefine 



N 



m^ = m. 



l + Y,^l uJ-=2a2 + bl (17) 



^ See also the discussion in the Appendix A in the [18 1 



for the effective mass of bulk scalar and angular frequency for the ith particle. 

IV. SUPER CALOGERO MODEL 

In this section, we would like to formulate a holographic model dual to a super one- 
particle Calogero model in the superspace i?'^!^"- for d commuting coordinates x* and 2n 
anti-commuting ones x^ . Following [19], the spatial coordinate x is extended in the following 

way, 

d 2n 

X = y2 ^*6i + y^ ^^^^' (''"^) 

where Cj and Cj are orthogonal and sympletic basis satisfying 

{cj, Cfc} = -26jk, {cj, Cfc} = 0, 

[e2j,e2fc] = 0, [e2j-i,e2fc-i] = 0, [e2j-i,e2k\ = Sjk- (19) 

such that the distance measured in the superspace is 

d n 

dx^ = -Y^ {d^'f + Y^ dx^^-^dx^^ (20) 

Now we refine the SL{2, R) generators as: 



^ ^ n d 

jr = l 1=1 

1 ^ d 2n 7 

To = -(W, + V,x) = -iJ^xW, + ^x^V,.) + -, (21) 



1=1 j=i 

such that the conformal algebra ([3]) still holds. Here d = d — 2n is the super dimension. Our 
goal is to construct a holographic model dual to the quantum Calogero model with following 
Hamiltonian in superspace, 

n = f_- uj^f+ + cTq. (22) 

To achieve that, we add to the superspace additional null-like directions t = tet and ^ = ^e^, 
together with a holographic direction f = re,., all with trivial anti-commuting components. 
We also request in the extended Schrodinger symmetry, the super coordinates scale as 

{i,lr,x')^{XH,lX~'r,Xx'). (23) 



The proposed a super geoemtry in _R'^+3|2n then simply reads, 

ds^ = (jijdx'dx^ , (24) 

with exactly same metrics as in ([5]) and ([71) but with x replaced by x. In summary, 
we have proposed a su]3ergeometry in i?'^+3|2™ holographic dual to the one-particle super 
Calogero model in d- dimensional space. It is straightforward to generalize this construction 
in i?^'^+3|2" for A^-particles. 

V. DISCUSSION 

We have constructed a holographic gravity model dual to the non-relativistic (super) 
Calogero quantum model for single and multiple particles, as a generalization of the recent 
developments on AdS/NRCFT. We have found that the addition of dtdxi (i.e. function 
i?j(r, x)) to the metrics corresponds to turn on both harmonic traps as well as the dilatation 
term in the Calogero model. A few remarks are in order. First, we would like to comment 
on those free parameters inside our metric. We have learnt that Hamiltonian's taking the 
forms, 

n^,c = -T- + uj^T+ + cT_ (25) 



are equivalent to each other up to a unitary transformation la, llTJ]. For instant, the Hamlto- 
nian ([T]) with nontrivial bi can be mapped to that with 6i = 0, denoting 7i', by a combination 
of transformations. 



-i\-i 



5- = e-^'^+e-'^-^-, ai=a2 = ^=, P, = V2^2 - iS^lh, (26) 

V^'^2 

Therefore metric deformed by various choices of ai,bi,ys give rise to different definition of 
energy, which may be related by unitary transformation. 

Secondly, we simply stated the desired super geoemtry to reproduce the super Calogero 
quantum model without knowing too much beyond the super metric. We remark that the 
super symmetric extension of the correspondence has been initiated recently in |l5 |. and 
alternative supersymmetric extension of Calogero model has also been studied in 20, l2l|]. It 



would be interesting to establish any connection between our proposal and their construction. 
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